Lecture 3: Example Systems

Wednesday, May 27, 2020 3:15PM
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Maier-Saupe Fluid

Ad-lib quick overview of LCs:

- anisotropic molecules, can undergo an isotropic to nematic
transition

- can occur upon changes in concentration of larger objects
in solution (lyotropic)

- or upon changes in 7" for molecular liquid crystals (ther-
motropic)

- We’ll consider a simple model of the latter case

Important new piece of information we need: each molecule
now carries a unit orientation, u;

u; a unit vector oriented along the mesogen

This new degree of freedom shows up in our molecular parti-
tion function, and interaction potential will depend on mutual
orientation of the molecules

Z = 21 / dr” / dun e_sb)U(I'".,u"’) (1)



The total densities are now written as:
p(r,u) = fj&(r —1;)0(u—w) (2)

1
pU = 5/ dr dr’ du du’ p(r,u)v(r,r’,u,u’)p(r’, u’)
Pair potential for the MS model is typically written as

o(r,r’,u,u’) = —ug §(r — ') Py(u-u’) 3)

Simple particles in fields, 24 of 28

1
Pyz) = 532" = 1) 4)
Sketch Ps(x), talk through the potential a bit: u, > 0 favors
alignment, competing with entropy of disorder

This form not compatible with Hubbard-Stratonovich trans-
formation because it’s not Gaussian

We’ll use a different form. I first saw it in a paper by Pryamit-
syn and Ganesan, 2004 JCP, where instead of writing the po-
tential using P, we write a tensor form:

BU = - Jar S(r): S(r) (5)
2po° .
S(r) = > o(r —r;) [wu; — §I] (6)
This is a form we can work with

Write our total partition function, now with an included in-
compressibility constraint:

Z = z [dr" [du" § [py — p(r)] exp QM [dr S(r) : S(r)
4 . o
Delta function behaves just like regular solution theory above

Orientation term uses the positive Gaussian form, and we
introduce a tensor field M(r)



Z = 2 [Dw, [DM ¢ Hv+:M (7)
" = 5/3 [dr M(r) : M(r') —ipy [ drwi(r)  (8)
—-n 10g Q[iw-b M]

The molecular partition function takes the form:
1 1
Q = m/dr [du exp |—iw(r) + M(r) : [uu — 51]

Define the argument of the exponential as y;¢(r, u), the po-
tential field for the LC mesogen at position r and orientation
u

Two interesting operators for this theory, first the total den-
sity:
o

) =~y (105 Q) ©)
_ " —prc(ru)
N 47TVQ'/due HEG (10)

and a local orientation tensor
~ n
S(r) =
(r) ATV Q)
This operator tells you about the orientation distribution of
all the molecules at r

1
[du [uu — §I] e~ o) (11)



If everything is aligned, then the integral is dominated by a
single orientation u

Simple particles in fields, 26 of 28

Now, since we have two fields in our equation, we can invoke
a mean-field approximation on both:
OH
dw.(r)

-0 (12)

= —ipo +ip(r) (13)

This gives the trivial result that the total density is p every-

where

And from the M-field:

OH
SM(r) U (14)
= 2UM(r) - S(r) (15)
0

In the end you have to solve for the orientation distribution
that solves the pair of equations

Still have the integral over u that complicates solving it ana-
lytically

Can easily be done numerically, probably also analytically, I
just don’t know the easiest path to the solution

w, (1) field acts as a Lagrange multiplier enforcing the total
density to be pg

1 1s a parameter that governs the strength of the potential

For 11 > ., an isotropic-to-nematic transition 1s predicted



